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Abstract 

We study the flavor-changing quark-graviton vertex that is induced at the one-loop 
level when gravitational interactions are coupled to the standard model. Because of the 
conservation of the energy-momentum tensor the corresponding form factors turn out to 
be finite and gauge- invariant. Analytical expressions of the form factors are provided 
at leading order in the external masses. We show that flavor-changing interactions in 
gravity are local if the graviton is strictly massless while if the graviton has a small mass 
long-range interactions inducing a flavor-changing contribution in the Newton potential 
appear. Flavor-changing processes with massive spin-2 particles are also briefly discussed. 
These results can be generalized to the case of the lepton-graviton coupling. 



1 Introduction 



Gravity is the only fundamental interaction which is universally coupled to all matter fields. 
Universality is then guaranteed by the tree-level coupling of the graviton field with the conserved 
energy-momentum tensor. However, when quantum corrections are taken into account, matter- 
coupling universality could be spoiled. 

It is known that quantum corrections to the graviton-matter vertices (without gravitons in 
the loops) are finite if the underlying theory of matter fields (in fiat space-time) is renormalizable 
[D [21 [31 m O E] . This remarkable property is just a consequence of the Ward Identities (WI) that 
result from the energy- momentum conservation [3]. Therefore, (matter) radiative corrections to 
the graviton-matter vertices can be consistently calculated in the framework of gravity coupled 
to the standard model (SM) theory. 

Long ago, Berends and Gastmans evaluated the finite corrections to the graviton-photon 
and graviton-electron vertices due to virtual quantum electrodynamical (QED) processes at 
the one-loop leve *] |[6|. In the latter case the corrections found lead to a modification of the 
Newton's law. In particular, for an electron (or any charged particle) in a gravitational field 
of a stationary mass M, they found a repulsive correction term proportional to the classical 
radius of the particle, = a/rrie, or 



electron. At macroscopic distances (r ^ rg) the modification of Newton's law induced by the 
term in Eq.([T]) is extremely small, O{10~^^) at the surface of the earth 
The term has an infrared origin as it can be simply understood by looking at the 
singular behavior of the one- loop Feynman diagrams in the massless limit {rUe —>■ 0). The 



correction to the tree-level electron-graviton vertex is proportional to —q^ /ml for negative 
small values of g^, where q is the momentum transfer. This is due to the fact that the photon 
has a tree-level coupling with the graviton. Then, the diagram where the external graviton is 
attached to two virtual photons in the loop contains a term with a powerlike infrared singularity 
as me 0. Thus, after Fourier transforming into coordinates space, this contribution gives rise 
to a l/(r^me) correction to the Newton potential. Notice that there is no counterpart of such 
effect in QED. Indeed, due to the absence of self-photon interactions at tree- level, the Coulomb 
potential is protected against corrections of order 0{a). 

*The same calculation was previously done by Delbourgo and Phocas-Cosmetatos in [T], but it was incorrect 
due to the wrong Feynman rules adopted [6] . 




(1) 



where Gn is the Newton constant, a is the fine-structure constant, and m^ is the mass of the 
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It is remarkable that, although derived in the framework of quantum field theory, the 
term in Eq. ([1]) has a pure classical origin and it was first obtained on the basis of purely classical 
considerations in Ref. Indeed this term arises from the fact that the total mass of the particle 
is not concentrated at a point but is partly distributed as field energy in the space around the 
particle [7J. 

When gravity is coupled to the weak interactions the one-loop radiative corrections to the 
graviton-fermion vertex will include also the virtual exchanges of the weak gauge bosons 
and Z. At the moment, a complete study of these effects is still missing. These corrections 
are expected to give small contributions in the low energy limit and furthermore to be infrared 
safe, being the and Z massive. Therefore, no long-distance modifications in the Newton 
potential are expected from the weak radiative corrections. 

A peculiar aspect of the weak interactions is that they can induce (at one loop) flavor- 
changing neutral currents (FCNC) processes in the fermionic sector. Since FCNC are absent 
at tree-level, they arise as a pure quantum effect. Analogously, flavor- changing (FC) graviton 
vertices are not present at the tree-level. However, when gravity is coupled to the weak inter- 
actions, quantum weak-corrections can induce an off-diagonal contribution (in flavor space) to 
the energy-momentum tensor. These effects are the spin-2 counterpart of the standard spin-1 
FCNC contribution in the SM. Because of the tensorial nature of the coupling of spin-2 particles 
to the matter fields we will refer to these effects as tensorial flavor- changing neutral currents 
(TFCNC). 

The aim of this paper is to compute the form factors of the TFCNC and analyze their 
gravitational couplings. We perform the exact computation of the one-loop FC fermion-graviton 
vertex, i.e. retaining the full dependence on all masses and momenta. We investigate under 
which conditions these effective couplings could induce modifications in the Newton potential 
discussing both cases of massless and massive-graviton exchange. We consider a few applications 
of these results in the case of massive spin-2 particles. In particular, we analyze the FC decay 
fi /2G', and the decay 6*^/1/2 where G stands for a massive spin-2 particle. Our results 
can be easily generalized to the leptonic sector with massive Dirac neutrinos, provided the 
CKM matrix of the quark sector is substituted with the corresponding leptonic one. 

The paper is organized as follows. In section 2 we specify the interaction between the 
SM fields and the graviton by suitably choosing a gauge that avoids the appearance of cubic 
vector boson-Goldstone-graviton interactions. We analyze the general structure of the off- 
diagonal matrix element (in flavor space) of the energy-momentum tensor of fermion fields, 
derive the corresponding Ward-identities, and provide the analytical expressions of the relevant 
form factors. The analysis of the gravitational couplings of the TFCNC is carried out in Sec. 3. 
In Sec. 4 we analyze a few applications of these results. Finally, Sec. 5 contains our conclusions. 
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2 Flavor- changing quark- gravit on vertex 



We are going to evaluate the interaction between the graviton and two generic fermion states 
with different ffavor or the off-diagonal matrix element of the energy-momentum tensor T^^{x). 
In particular, working in the basis of mass-eigenstates for the fermion fields, we are interested 
in calculating the following matrix elemenl|l] 

f>^'^^_,^p^\T^'^i^) (2) 

where the initial and final states are assumed to have momenta pi and p2 respectively with 
= mf and spinorial wave-functions Ui{pi) (i = 1, 2) while the four- momenta p, q are defined 
asp = P1+P2 and q = Pi — P2- It is understood that initial and final states have different flavor 
and mass. The relevant Feynman rules which are necessary in order to calculate the above 
matrix element, can be easily derived by looking at the graviton couplings with matter fields. 

The interactions between gravity and the SM fields are assumed to be described by the 
action integral 

S = J d'^X^/^CsM[gt„y] (3) 

where the SM Lagrangian, £sm, is thought to be written in terms of the metric tensor g^i, and 
for the fermionic part using the vierbein formalism. In Eq.Q g = det g^^, and Csm includes the 
classical term and the gauge-fixing function in the gauge (the term with the ghost fields is 
not relevant for our discussion). To obtain the interaction of the graviton with the SM fields 
we expand in Eq.Q the metric g^i, around the flat one as g^^, = r]^^ + Kh^^, retaining only 
the first term in the graviton field where r]^,^ = (+1,-1,— 1,-1), k = ^/32^lGN, and h^^ is 
interpreted as the spin-2 graviton field. We notice that, if in the gauge-fixing term in Csu the 
standard 't-Hooft gauge-fixing function is taken, vertices in which a graviton field induces a 
transition between a vector boson and its unphysical Goldstone boson counterpart are going to 
appear [8]. In order to avoid the appearance of vector-Goldstone-graviton interactions we find 
it convenient to use a modified version of the 't-Hooft gauge-fixing function, or 



1 2 



(4) 



1 

that differs from the standard one by the termj^] proportional to F^^^. In Eq.(j4]) ^ is the gauge 
parameter, g,W^ {g'.B'^) are the coupling constant and fields of the SU{2) {U{1)) group, a" 



'1^ The definition of T^^" corresponds to the Feynman rule for the off-diagonal matrix element of the energy- 
momentum tensor. 

^ The addition of a term proportional to the Christoffcl symbol in the gauge-fixing function of a spin-1 
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are the Pauli matrices, 
is the Christoffel symbol, and 



Kp = ^Q^"" {dpQ^^ + d^g^p - d^Qyp) (5) 



4'l+i<t>2 
V2 




W= „ (6) 



with 01 the physical Higgs field, 0+ and 02 the unphysical counterparts of the and Z vector 
boson and v the vacuum expectation value. 

At the first order in the k expansion, the interaction Lagrangian for the tree-level graviton 
coupling to SM fields, is 

Ant = ("^^ 

where T'^'^ is the energy-momentum tensor of matter fields obtained from the Lagrangian in 
Eq.([2]) with the gauge-fixing function given in Eq.(jl]). The mass-scale Mp appearing in Eq.([7]) 
is the reduced Plank mass defined as Mp = 2/k,. From Eq.([7]), the Feynman rules can be 
derived. The ones, in the gauge, relevant for our calculation are collected in Appendix A. 
Feynman rules for graviton interactions with vector bosons, in the unitary gauge, can be found 
in Refs.piiniin]. 

Because of the V-A nature of the charged weak currents, the exact expression of the off- 
diagonal matrix element (in flavor space) of energy-momentum tensor T^'^ has the following 
structure 
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IbTT^V^ i=l 
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or 


= (7>^+7>r 


\Pl 


or 


= w+Yqn 


Pl 


or 






Of 


= p^p" M+ 
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= q^'q^M^ 
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= {p^q" + q^p") 
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= r]^''M_ 





massive particle was considered in Ref. 9 . However in that work the mechanism of mass-generation for the 
spin-1 particle was not addressed. 
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or = 

0^2 = "^W + Yq^PR (9) 

where P^^/j = (1 =F 75)/2 and M± = ttiiPr ± rngPL- 

The form factors appearing in Eq.(l8]) are not all independent. Indeed, due to the conserva- 
tion of the energy-momentum tensor d^T^^'^{x) = (or equivalently dJT^^{x) = ), a subset of 
independent form factors arise. In momentum space, this relation is translated into 

qMT^'^iQ) bi) = 0, (10) 

which reduce the number of form factors /i(p, q) in Eq.(IH]) into an independent subset. Applying 
Eq. (fTO!) into the right-hand side (r.h.s) of Eq.([8]), we get the following set of Ward identities 
(WI) 

{p-q)fi{p,q) + q^f2{p,q) = o, 

( T) ' Q) 

f3{p,q) + q^f5{p,q) + {p-q)f6{p,q) + i^-^fi2{p,q) = o, 

ip ' q^ 

ip-q)Uip,q) + q^f6{p,q) + i^-^fu{p,q) = o, 
f2{p,q) + f7{p,q) + q'^f9{p,q) + {p-q)fio{p,q)- . 2 fMp^q) = O) 

p2 _|_ q2 

flip, q) + (p ■ q)f sip, q) + q'^fio{p,q)- . 2 fn{p,q) = 0, 

ip-q)fiiip,q) + q'fi2iP,q) = 0. (11) 

These relations provide a strong check of our calculation in terms of Feynman diagrams. 

In the case of light external states, the dominant contribution to T'^'^ comes from the Oi 
and O2 structures. Indeed the O3-O10 structures have a single chiral suppression while On and 
O12 are double chirally suppressed. 

The interaction of the graviton with two different fermion fields is described at the lowest 
order by the one-loop diagrams drawijl in Fig.l. To be definite we assume the external fermion 
states to be quarks of different generation, then the mixing matrix entering in the and 0"*" 
vertices is the CKM matrix. We evaluated exactly, namely keeping the complete dependence 



^Feynman diagrams have been drawn using JaxoDraw [12j 
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Figure 1: The one- loop Feynman diagrams contributing to the flavor-changing quark-graviton vertex 
in the unitary gauge. In the gauge there is also the contribution of diagrams where the W boson 
is replaced by its unphysical counterpart. 

on the p,q momenta and on the internal/external masses, the Feynman diagrams in Fig.l to 
obtain the form factors fi{p,q) appearing in Eq.([8]). The calculation has been performed in 
the 't Hooft-Feynman gauge = 1) and cross-checked in the unitary gauge. While in the 
't Hooft-Feynman gauge the result is finite before the application of the GIM mechanism, in 
the unitary gauge the GIM is needed to cancel some residual divergent term. From our result 
we explicitly verified all the WI reported in Eq. ffTT]) . It should be pointed out that to satisfy 
the WI the ^-dependent term in the W~^W~ graviton vertex (see Eq. fH2|) in Appendix A) was 
necessary. 

The complete result is too long to be reported, however; since we are mainly interested in 
analyzing the effects of the TFCNC in low energy processes, we report here the leading term of 
the form factors fi{p, q) in a (f' jvn^ and [p ■ q)/my^ expansion of the matrix element, keeping 
the dependence on the internal fermion masses exact. In this approximation, the nonvanishing 
factors are given by 



f 



f2{p,q) 



{p-q)Y,^f9a{xf) 
f 
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fn{p,q 
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{p-q)J2 ^f9 

f 



:i2) 



where xj = m'j/m'^. with rrif the mass of the fermion running into the loop and A/ = KfiKj2 
(the external quarks are assumed to be of the down type), with Kij the corresponding CKM 
matrix element. The functions gi{x) appearing in Eg. (1121) are given by 



9a[X) 

9b{x) 

9mix) 



36 (x 



1 



44 - 194x + 243x^ - 98x^ + 5x^ 
+ 6x{2- 15x + lOx^) log I 



[X 



6{x-iy 
1 

72 {x - if 



- Ux + 21x^ - Ux^ - a;"^ + 2a; 4 + 3x + 2x^ log (x 



6 - 83x + 200x' + 12x^ - U2x* + 7x^ 



12x {l + Ax- 18x^ - 2x^) log (x) 



(13) 



It is easy to check that, in this approximation, the form factors in Eq.( fT2l) satisfy the WI in 
Eq. flTT]) . From Eqs. (ll2l) . f[T^ one sees that the leading contribution to T^'^ is given in terms of 
two functions, namely ga{x) and gb{x). Indeed the explicit expression of the leading terms in 

= T^TTTn E W + 7V) PL{-q')ga{xf) + (7V + Yqn Pl{p ■ q)9a{xf) 

- q^q^M+g^ixf) +v^''[- 2{p ■ q)M_g^{xf) + q^M+g,{xf) 
+ {p'^q" +p''q>') M_ga{xf)]u{p^) , (14) 

and gauge invariance, q^T'^" = 0, is easily verified using q^u{p2)j^ Plu{Pi) = u{p2)M_u{pi). 

In Appendix B we present T^*^ in the approximation (p ■ g) = + = keeping the full 
dependence on q^ and the internal masses. 
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3 Flavor- changing gravitational couplings 



In this section we analyze the matrix element of the TFCNC coupled to an external gravitational 
source at the tree-level. We consider the following gravitational scattering 

f,(p,)+T^-'^f,(p,) + T'^-' (15) 

where T^^* indicates the energy-momentum tensor of the external source, assumed to be con- 
served {d^T^ = 0), and /i,2(Pi,2) are two fermions of different flavor and masses, with as- 
sociated four-momenta pi^2 respectively. In momentum space, the corresponding one-graviton 
exchange amplitude is given by 

where P^'^"'^(g^) is the graviton propagator in momentum space, with q = pi — P2, and T^^* 
is the Fourier transform of T^^{x). It is understood that all indices are contracted with the 
Minkowski metric 7]^,^. In the Einstein theory, the graviton propagator, in a covariant gauge, 
is given by 

p^^.«/3^^2) ^ U'^r]"" + r]'"'r]>'f - r]^''r]''f + Q'"""'iq)) (17) 

IS ^ 

where the last term Q^'^°'^{q), which is gauge dependent, is a tensor made by linear combinations 
of an even number of q momenta with open indices, such as for instance q^q'^rj"'!^ or q^q'^q°'q^. 
It is also possible to set Q^^"""^ = by a particular gauge choice [13]. Nevertheless, due to 
the conservation of the energy-momentum tensor, the contribution of Q^^'^^{q) vanishes when 
contracted with T^^ or T^^*, leading to a gauge-invariant result. By using the energy-momentum 
conservation, we can write 



M 



C2^rp^U rpcxt ^ rpfj,rpcxt U 



(18) 



(g2 - le) 2Ml 

where we introduce, for later reference, the numerical factor C that in the present case (massless 
graviton) is equal to one. Because of the fact that the r.h.s. of Eq. (fT8|) is not vanishing, the 
scattering of a fermion on an external gravitational field can induce a PC transition. 

Despite the presence of the 1/q^ pole in Eq. fll8l) . the PC gravitational transition turns out 
to be local. Indeed by using the leading contributions from Eq. lfTl]) in Eq. (fT5]) we find 

M = ig^2^M2 E >^MP2) {(tV + Yp')PLgaiXj) - r^^^M^ (C (x;) -{^C- 1)^,(X;)) 

+ v"'M.J^^^gaixf)[2 + Ci-2)]^u{p^)f^' . (19) 
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The second line in Eq.f llQp is zero if C=l (massless graviton) showing that in the Einstein 
theory of general relativity the pole cancels out. This is a general result that holds also 
in the exact be easily proved using the WI in Eg. (ITT]). 

As we can see from Eq.( |T9l) . gravity and weak interactions induce at one loop an effective 
local interaction for the AF = 1 flavor transitions. The leading contribution to the correspond- 
ing effective Hamiltonian is given by local operators of dimension eight. The characteristic scale 
of this effective theory is A = \^Mpmw ~ 10^'' GeV, which is 6 orders of magnitude below the 
grand unified theory (GUT) scale. However, with respect to the known dimension six operators 
in the AF = 1 effective Hamiltonian of weak interaction the TFCNC gravitational operators 
induce negligible effects because the scale A is much higher and moreover it enters in Eg. (1191) 
at the fourth power. 

The fact that the l/q^ pole cancels out in the amplitude Ai in Eq.l fTSi) for a massless gravi- 
ton, can be simply understood in terms of angular-momentum conservation. Let us suppose 
that the numerator of Ai does not vanish in the ^ limit. If this would be the case, then 
TFCNC could be directly coupled to a on-shell massless graviton (g^ = 0). In particular, a 
nonvanishing matrix element for the fermion decay /i —>■ /2G would be possible, where G is 
an on-shell graviton and rrif^ > rrif^. However, the decay /i —>■ /2G is forbidden by angular- 
momentum conservation as can be easily understood looking, in the rest frame of the decaying 
particle, at the conservation of the angular momentum along the momentum direction of the 
two final states. In this frame one can see that angular momentum conservation is unbalanced 
along this direction, since a massless graviton carries only helicity states ±2, while fermions can 
only have helicity states ±1/2. Therefore, in the case of massless graviton, only contact terms 
in the amplitude Ai are allowed. Instead the fermion decay f\ /2G' does not vanish if the 
graviton has a small mass. Indeed, the spin content of a massive graviton contains five inde- 
pendent polarization states, including, among the spin-2 and spin-1 polarizations, also a spin-0 
one. Then, the on-shell transition /i /2G' is allowed by angular-momentum conservation due 
to the presence of the spin-0 graviton polarization. 

We consider now a scenario in which the graviton has a very small mass m^. In this case, 
the corresponding graviton propagator in the unitary gauge is given by [ISj 

P/^^"^(g2) = L i ( ^M«^-/3 + ^<^"^M/3 _ 2^M-~a/3\ .30) 

q^ — tuq — ie2 \ 3 / 

where fj^^'^ = t]^^ — q^q^ /itIq. The terms proportional to q/mG-, that in principle can be very 
enhanced, actually vanish when contracted with T^^j and therefore do not contribute to the 
analogous transition amplitude M. in Eq. ffTSl) . We assume here that ma is small enough that 
the corresponding Newton potential {Vir) ~ ^e~^"^^) is not affected by its effect. This is clearly 
true for distances r ^ l/mc, where V{r) ~ 1/r. 
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We recall that, apart from terms proportional to the momentum g, the massive-graviton 
propagator in Eg. (1201) differs from the one of the Einstein theory in Eq. f|T7|) by a finite term 
proportional to rj^^rj'^l^ which does not vanish in the limit mo —* 0. This is a consequence of 
the fact that the spin-0 component of the graviton field does not decouple in the limit 0, 
giving rise to a real graviton-mass discontinuity. This phenomenon was discovered by van Dam, 
Veltman [13] and Zakharov [H] (vDVZ), by analyzing the one-graviton exchange amplitude. 
In particular, they found that if the graviton has a small mass, no matter how small, a finite 
difference in the deflection angle for the light-bending from the sun would be predicted with 
respect to the massless case. Then, since this prediction is out of 25% from the measured value 
(which is in agreement with the general relativity predictions), they concluded that the massive 
gravity theory can be ruled out by solar system observations. This conclusion relies on the fact 
that the terms singular in mc vanish in the one-graviton approximation. However, there are 
criticisms on the validity of this approximation based on the observation that higher order 
corrections can be singular in the graviton mass and therefore cannot be neglected [151 fT6] . 

Here we show that there exists another aspect of the vDVZ discontinuity, to our knowledge 
not considered so far, concerning the flavor-changing contribution to the Newton potential in 
the massive gravity theory. In order to see that, let us consider the amplitude in Eq. (|T6l) in the 
case of one massive-graviton exchange. It can be easily obtained from Eq. ([T9l) with C = 2/3 
giving 

A remarkable aspect of Eq. (l21l) is that the 1/g^ pole in the last term does not vanish in the 
limit rriG —>■ 0. As a consequence it generates an off-diagonal contribution (in flavor space) to 
the Newton potential. In order to see that, one has to flrst look at the nonrelativistic limit of 
Eq. (l2Ti) in the case of an external heavy gravitational source. This should be compared with 
the Born approximation to the corresponding scattering amplitude in nonrelativistic quantum 
mechanics written in terms of the potential function V{r). Then, the matrix element of the 
Newton potential V{r) (generated by a heavy massive particle M) between initial and flnal 
fermions states is 

(j I Vir) \t) = _^i^e-™« (m, 6,, + (m, - m,) A,,) (22) 

with 

A., = ' \ E Kf^K}^ 9aiXf) , (23) 
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where Gat is the Newton constant for the massive-graviton case [13] and 5ij is the delta-function 
in flavor space, the indices i and j standing for the ingoing and outgoing fermion states respec- 
tively. The discontinuity in is manifest in the fact that in the limit tug — > the Aij term 
does not vanish, while the A^- is strictly zero in the case of massless graviton. Notice that the 
FC contribution to the Newton potential vanishes in the case of equal masses (m^ = rrij) and its 
attractive or repulsive nature is related to the sign of the J2f KjiKjj ga{xf) quantity. It should 
be recalled that the result of Eq. (|22l) has been derived in the one-graviton approximation and 
therefore all the criticisms with respect to the vDVZ discontinuity apply also to it [IHl IT6] . 



4 Flavor- changing processes with massive spin-2 parti- 
cles 

In this section we analyze a few applications of the results derived in Sees. 2 and 3 related 
to processes that are characterized by the kinematical regimes of small and large values of 
|g^|/m^. At this aim, we consider a scenario containing an elementary massive spin-2 particle 
in the spectrum coupled to a conserved energy-momentum tensor T^i/(x) via the interaction 
Lagrangian 

C,s = -jT,,{x)G^''ix), (24) 

where G^iy{x) represents the massive spin-2 field and A is a mass-scale free parameter having 
no relation with the Plank mass Mp. For the spin-2 free Lagrangian we take the Pauli-Fierz 
action which is the ghost-free linearized action for a massive spin-2 particle [13]. Since we will 
consider here only the first order in the 1/A expansion, self- interactions of the spin-2 fields can 
be neglected and the T^y{x) is reduced to the energy- momentum tensor of matter fields in fiat 
space-time. Then, the off-diagonal one-loop correction to the Lagrangian in Eq. fl2^ can be 
easily generalized from the gravitational case by replacing Mp A. 
We consider first the case of a decay process 

/i(pi)-/2(P2)G(g) (25) 

that can be considered as the spin-2 counterpart of the well-known fermion radiative decay 
/i — s> /27. In Eq. (1251) /i and /2 stand for two generic different fermions of the same charge 
with pi^2 the corresponding momenta, q = pi — P2 and all the external particles are assumed to 
be much lighter than the W boson and the fermions running into the loop. The corresponding 
decay amplitude can be written as: 

^LUi(pi)e;,(g) (26) 

/ 



M(/i ^ hG) 



LIILq<^ P 

1 R-rr2. /O A 



Y.^f9a{.Xf)u2{p2) l^p" + 1"? 
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where e^^y{q) is the polarization tensor of the spin-2 particle of mass mc with the index ? = 1, 5 
labeling the five independent polarizations and the function ga{x) is defined in Eq. f|T3|) . In 
obtaining Eq.( l26i) we have used the fact that for an on-shell spin-2 particle one has q^€^'^{q) = 
and Vi^ue'^'iq) = 0- 

We point out that in the limit the amplitude in Eq. (l26|) seems to vanish, being 

proportional to m^. However, the sum over polarizations of a massive spin-2 particle [T3l [TT] 

Ee;.(g)eLi(g) = 1 (^^A^V^ + r^-V'' - ^^''V^) (27) 

contains terms singular as — 0. Thus, after summing over all the polarizations, averaging 
over the initial ones, and integrating over the phase space, the decay width, assuming /2 
massless, reads: 

n/.^/.G)^|||fM|i:Wr (28) 

where xq = niQ/ml, and /(x) = (1 — x)(l — |(x + + x^) + |x^) absorbs the matrix element 
and phase space corrections. 

These results can have an application in the framework of quantum gravity propagating 
in large extra dimensions pTl [T8] . In pTl [T8] , it was pointed out that if compactified extra 
dimensions exist, with only gravity propagating in the bulk, the fundamental scale of quantum 
gravity could be much lower than the Plank scale Mp. In this scenario, the standard Newton 
constant Gn in (3+l)-dimensional space is related to the corresponding Plank scale Mp, in 
{D = 4 + (5)-dimensional space, by 

Gjv^ = SttR^ Mj+^ (29) 

where R is the radius of the compactified manifold assumed here to be on a torus. If one 
requires Mp, ~ TeV, present tests on gravity law imply that 5 >2. 

After integrating out compact extra dimensions, the effective low energy theory describes an 
almost continuous spectrum of massive spin-2 particles, which are excitations of the standard 
graviton field. Then, each massive spin-2 field is coupled to the matter field by Eq. (1241) . where 
the energy scale A corresponds to the reduced Plank mass Mp. In the case of Mp ~ TeV and 
5 < 4, the mass splitting between the Kaluza-Klein (KK) excitations is of the order of KeV, 
and the KK spectrum can be approximated as a continuous. In this case the number density 
of modes {dN) between tjig and mc + dmc of KK spin-2 masses is |TT] 

dN = Ss-i—:^m'a^dmG. (30) 
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where Ss-i is the surface of a unit-radius sphere in 5 dimensions which is given by Ss-i = 
27r"/(n - 1)! and Ss-i = 2n''/l\kZo{k + 1)1 for 6 = 2n and 6 = 2n + 1, with n integer, 
respectively. 

In this framework, we consider the inclusive flavor- changing graviton decay /i — > /2G, 
where G stands for any KK massive spin-2 gravitons with mass rriG < mi. In this case, the 
corresponding decay width is obtained by multiplying Eq. (!28l) for dN ^ with A replaced by Mp, 
and integrating it over all the allowed kinematical range of mo- In particular, for the inclusive 
decay we get 

^nu^m^^^^g^\^xM'.A' (31) 

where I{5) = 960/(5(2 + 5){6 + S){8 + S){10 + S)) and 5 > 2. As we can see from Eq.§2), the 
integration over the number of KK states cancels the 1/Mp suppression factor of the single 
graviton emission. We stress that the final KK gravitons are detected as missing energy, since 
for laboratory experiments they can be approximated as stable particles |.18]. This is due to 
the fact that the decay width of a single KK graviton is strongly suppressed by 1/Mp. 

For a numerical evaluation of Eg. (1311) we restrict ourselves to the inclusive B-meson decay 
Bd XgG, where the standard GIM suppression is enhanced due to the contribution of the 
top-quark running in the loop. In particular, for 5 = 2, the corresponding branching-ratio, 
normalized to the experimental BR{B Xve) ~ 10.4% of the semileptonic decay, is 

I:b«(B.^X,G).10-(^)'(^)\ (32, 

where stands for any hadronic state containing an s-quark. The above result corresponds 
to a top-quark mass rrit = 171.2 GeV. 

Next we consider the decay of a massive spin-2 particle G /2/1, where /i,2 are two 
fermions of different flavor. In the approximation of neglecting the final fermion masses the 
corresponding amplitude can be obtained from Eq. ffT^ by setting in it {p ■ q) = = M_ = 
and replacing the function ga{x) with the function Gaix, y) provided in Appendix B, where the 
full dependence in the form factors is retained, or 

M{G^hh) = - iQ^J^jy A/ Gaixj, xg)u2{P2) [7V + 7V]Pl vM) e;,(g) . (33) 

In Eq.(!33!) xq = mQ/m^, p = P2—P1 and the fi(pi) is the spinor of the antifermion associated 
with /i. Then, for the corresponding decay width we obtain 



r(G - /2/1) = r, I A/ Gaixf, xg)\" (34) 
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where 



m%Nr, 



y 



X 

ITT 



Giy)+0{\), (36) 

y2 



'^-lotr^ ^^^^ 

is the tree-level decay width of a massive spin-2 particle into a pair of massless fermions of the 
same flavor, with Nc the color factor. 

Because of the presence of the G^^m^ term in the numerator of Eq. fl34|) . one would naively 
expect that when uig ^ ^vy, the one-loop decay would be strongly enhanced. However, this 
is not the case. Indeed, by using the asymptotic expansion of the Bo(?/) and Co(a;, ?/) functions 
at large values of y p!9j, we obtain 

F(x) = f - ^) ^ ^ (8 - 6 a: + x^) log(a:) \ _ . _ _ (37) 

where Li(x) stands for the usual dilogarithm function and G{y) is a pure function of y whose 
leading term is proportional to log^(?/)/?/, showing that no powerlike enhancement is present in 
the FC decay when mo 3> my/. Furthermore, due to the unitarity of CKM, the contribution of 
G{y) vanishes when the sum over all internal fermion masses is performed, so that in the limit 
mo ^ mw the decay width reads: 

- M.)L„,„„, - ^^^1 E A, [f(.,) - ^ (,og(||, - „)) r . ,38, 

As a last example, we consider the high-energy limit of the following FC fermion scattering 
process 

f,{p,)X{q,)^ f,{p,)X{q^) (39) 

induced by the one-graviton exchange amplitude, where fij stands for two fermions of different 
flavor and X indicates a generic particle. Because of the fact that gravity does not change 
flavor at tree level, only the t-channel diagram will contribute to the above scattering (where 
t = {pi — P2Y )i provided the X particle is different from the initial and final fermions. In the 
fermion massless limit, only the first term in Eq. (fT9|) . proportional to the Ga{x, y) function, will 
contribute to the matrix element and therefore, regardless the graviton is assumed massive or 
massless, in the region of large t values (|t| ^ ^w)i ^^e following relation among cross sections 
holds: 



dt dt QAtt^ |Z^ /[ V /; 2 ^"^m 



EA/[i^(x/)-f log(-f)]| , (40) 

where stands for the diagonal part (in flavor) of the tree-level differential cross section 

of the process fiX fiX mediated by the one-graviton exchange diagram. 
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5 Conclusions 



We computed the one-loop flavor-changing quark-graviton vertex verifying all the WI induced 
by the conservation of energy-momentum tensor. The calculation was performed in the gauge 
with ,^ = 1, using a modified version of the 't-Hooft gauge- fixing function, and cross-checked 
in the unitary gauge. We found that the corresponding form factors turn out to be strongly 
GIM suppressed when the internal fermion masses are much smaller than the W mass. These 
results can be easily generalized to the corresponding FC lepton-graviton vertices, provided the 
neutrinos acquire mass of the Dirac type. 

We investigated the case of a flavor-changing fermion-graviton vertex coupled to an external 
gravitational source. We show that, due to the angular-momentum conservation, gravity and 
weak interactions induce at one-loop an effective local interaction for the AF — 1 transitions. 
At low energy, the corresponding effective Hamiltonian is given by local operators of dimension 
eight suppressed by a characteristic scale of order A = ^ Mpniw ~ 10^° GeV. Thus gravitational 
FC effects are completely negligible when compared to the known contribution of AF = 1 
dimension six operators of the SM. 

We showed that, in the case of massless graviton, the locahty of the FC gravitational 
interaction is related to the cancellation oil/(f pole in the corresponding one-graviton exchange 
amplitude. The latter does not take place if the graviton has a small mass signaling another 
aspect of the known vDVZ discontinuity in the graviton mass. Indeed we showed that in the 
graviton-massive case the Newton potential acquires a FC contribution that vanishes in the 
limit of equal external masses. 

As a few applications of our results we analyzed a new physics scenario containing massive 
spin-2 particles coupled to the SM flelds. In this framework, we calculated the width of the 
FC decay /i /2G' and the decay of a heavy spin-2 particle in two fermions of different 
flavor, G — > /2/i- We also considered the scenario of quantum gravity propagating in large 
extra dimensions. In this framework, we evaluated the inclusive decay width for the process 
/i /2G', where G stands for any Kaluza-Klein spin-2 graviton, and estimated the branching 
ratio for the inclusive iJ^-meson decay Bd XsG. Finally, as a consistency test of our results, 
we studied the asymptotic behavior for large spin-2 masses of the decay G — > /2/1 and the 
high-energy limit of the gravitational scattering fiX /2X (with X 7^ /i 2) with respect to 
the GIM mechanism. We explicitly check that also in the asymptotic limit, the GIM mechanism 
acts in the usual way strongly suppressing the process for small internal fermion masses. 

The results presented for the massive graviton can be easily generalized to the case of a 
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graviscalar, (ps, whose interaction with the SM fields can be described by 

Ant = --^Tf,y{x)(t)s{x)y]^'' . 
In particular, the counterpart of Eq. ( l22l) for the graviscalar reads: 

(j I V{r) \i) = -l^^e-'^^s (m, 5,, + (m, - ^^•) 

s 

with A^- = 6Ajj. The width of the FC decay f\ /20s neglecting the mass of the produced 
particles is instead: 

Finally, because the coupling between a graviscalar and the fermions is proportional to the 
fermion mass, the decay width of a graviscalar into two massless fermions is null. 
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Appendix A 



In this appendix we report the Feynman rules for gravitational interactions with SM fields that 
are relevant for the processes considered in this article. They are presented in Figl2l 
The symbols used in FigJ2]are defined as: 



x(f) 



X 



iv) 



xify) 

Xif>s) 
111/ 



111 {hu + hu) - Viiu ih + h- 2"^i) 

^Vliuhahp + r]al3kliik2v - ri^pkiuk2a - Vliak2ukip 
+ (ki ■ k2 + m^) (viiaVu/S - ^VliuVa/3 



+ 



-.Vliv {klakip + k2ak2l3 + ^10^2/3) — Vu/sklakl^ — 'r]uak2pk 



2ii 



(ki ■ k2 + im^w) Viiu - kiuk2ii - ki^k2u 

Kij (27 - luVlia) Pl 



K, 



rrii 



rriw 



Pl Viiu ■ 



(41) 



(42) 

(43) 
(44) 

(45) 
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h 



VIJL J 




fi 




Mp 



W,{k2) 




-'9 



/7 



Figure 2: Three and four-point vertex Feynman rules relevant for our calculation. The particle 
momenta are assumed to flow along the direction of the arrows. For the meaning of the symbols see 
text. 

Appendix B 

In this appendix we discuss the form taken by T^^ in the hmit {p ■ q) = + q"^ = 0, i.e. when 
terms proportional to ml 2 are neglected. In this limit, from the WI on Eg. (ITT]) , only five form 
factors survive and T^'^ can be cast in the following form 

f'"' = -^fy= E F,ip, q)uMdruM (46) 



where 



q^ 

Of = [-r]^''q^ + q^'q'')M+, 
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(47) 



with Fi{p, q) = fi{p, q), F2{p, q) = Mp, q), F-i{p, q) = fg{p, q), F^ip, q) = f^ip, q), and F^^p, q) = 
fsip, q)- In this basis each element Of satisfies the gauge invariance condition q^O^" — 0, and 
so the corresponding form factors Fi{p,q) are manifestly independent. 
Writing 



we find 



+ 
+ 



Fi{p,q) = 

F3{p,q) = 

Fi{p,q) = 

F^ip^q) = 



-q^Yl ^fGa{xf,y), 
f 



f 



0, 



f 

0, 



(48) 



(2-3x + x') (Bo{y) - Bo{y)) + {x - if (2 + x) (Co{x, y) + -Oo(a;, y) 



+ (x - 1)' (2 + x) log(x)] + ^ (1-x) (2 + x) - ^ (42 - 23x + 5x') So(y) 
+ I (7-Ax + 3x^) Bo{y) + {x-l) (l8-7x + x^) Co{x,y) 



X 

1 

y 



(x-l) (4 - x + 3 Co{x, j/) + (l4 - 3 x + 4 x^) log(a;) 



^^^^ji^^'l'''^ 34) So(y) + l(8 + x) Bo(y) - (l2 - 6 x + x^) Oo(x, y) 

(34 - 45 a; + 18 + 2 a;^) log(a;) " 



Gb(x, y) = ^ 



+ 2xCo{x,y) + 
4 



6{x- ly 



-2Co(x,y) 



(49) 



{2-3x + x') {Bo{y) - Bo{y)) - {x - if (2 + x) {Co{x, y) + -Oo(x, y)) 



- {x- if (2 + x) \og{x) 



+ - 



1) (2 + a;) + | (3-x + x2) So( 



- i (2 + a; + 9a;2) Bo(|/) + (g - 7a; + 2 - a;^) Oo(a;,|/) 

- 2 (x-l) (l + 2x) Co{x,y) - (4 + 2a; + 3a;2) log(a;) 



+ - 

y 



3 (2-5a; + a;2) 
2 (x - 1) 
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+ ^(2-5x) Bo{y) + '^ (8 -5a;) Bo{y) + {A-2x) Co{x,y) 

1/, a^aAn(--\ (2 + 3x-24x=^ + 10x3) log(x) 
-(4-6x + 6x j Co{x,y) ^ _ 



Gc{x,y) 



X 

20 

^3 



2Coix,y) (50) 



(2-3x + x=^) (Bo(y)-5o(i/)) -(x-1)' (2 + x) (Co(x, y) + -Co(a;, y)) 



(x - 1)^ (2 + x) log(x) 



y2 



(x-1) (2 + x) + i (78- 59x + 5x2) 5o(y) 



^ (l0 - 25x + 39x^) Bo{y) + 18 (x - 2) (x - 1) Co(x,y)-18x (x-l)Co(x,y) 



26 + 3 X + 13 x^ log(x 



+ 



3 (2 - 5 X + x^) ^ 4 (10 - x) Bo{y) 



y I X — 1 ' 3 

+ -(2-5x) Bo(y) + 2 (9 - x) (2 - x) Co(x,y) - ^ (4 - 14x + 18x2) Co(x,y) 
3 X ^ ^ 

2 (20 -24 X- 15x2 + 10 x^) log(x)' 



3(x- 1)^ 



+ 4Co(x,y) -2Co(x,y) , 



(51) 



where x/ = m'j/m'^ and y = q'^/m^, and x = 1/x, y = y/x, and the functions B(){y), Co{x,y) 
are defined as 



Bo{y) 



Coix,y) 



y 



y {A — y) arctan 



y 



\/y (4-2/), 



1 rl-xi 

dxi / (ix2 
"'0 



(1 - x)(Xi + X2) + yXiX2 



-1 



(52) 



An analytic resuh for the function Co{x,y) can be obtained from Refs.|20t [TU] . The functions 
Ga,b,c{x,y) generahze the ga,b{x) in Eq. flT^ to include the full dependence and satisfy the 
following conditions 

\imGaix,y) = gaix) , lini Gb(x, y) = 5'b(x) , lini ^^(x, y) = . (53) 

y^O S/-»0 y^Q 

Notice that, despite the presence of pure log(x) terms (not multiplied by x) in Eqs. (H9l) - (l5T]) . 
the Ga.b.c{x, y) functions turn out to be of order 0{x) for small x. This is because the log(x) 
terms cancel out when summed to the corresponding terms proportional to the B{y) function. 
Indeed, B{y) = log(x) + 0{x). Therefore, as expected by the infrared behavior of the diagrams 
in Fig. 1, for small internal fermion masses, the GIM mechanism strongly suppresses the TFCNC 
in all ranges of g^. 
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